Abstract In many areas of the world, there is a need to increase water availability. Capacitive deionization (CDI) is an electrochemical water treatment process that can be a viable alternative for treating water and for saving energy. A model is presented to simulate the CDI process in heterogeneous porous media comprising two different pore sizes. It is based on a theory for capacitive charging by ideally polarizable porous electrodes without Faradaic reactions or specific adsorption of ions. A two steps volume averaging technique is used to derive the averaged transport equations in the limit of thin electrical double layers. A one-equation model based on the principle of local equilibrium is derived. The constraints determining the range of application of the one-equation model are presented. The effective transport parameters for isotropic porous media are calculated solving the corresponding closure problems. The source terms that appear in the average equations are calculated using theoretical derivations. The global diffusivity is calculated by solving the closure problem.
Introduction
Availability of quality water for human consumption, agriculture, and industry is critical to humans. We are now in need for finding cost competitive technologies for reclaiming this valuable life-sustaining resource. Capacitive deionization (CDI) is an electrochemical water treatment process that can be a viable alternative for treating water and for saving energy. CDI works by sequestering ions, or other charged species, in the electrical double layers of capacitors. The ion removal step stores capacitive energy that can be recycled to reduce the total energy budget of the process (Anderson et al. 2010; Porada et al. 2013) . CDI is a periodic process in which an aqueous solution flows through the space in between porous electrodes. Upon applying a voltage difference between the electrodes, cations are transported to the electrodes of negative bias and anions are transported to the electrodes of positive bias. These ions are stored as counter-ions within the structure of the porous electrodes. Simultaneously, coions are expelled from the electrodes, but coion outflow is always smaller than counterion adsorption. When the equilibrium ion adsorption capacity of the electrodes has been reached, the voltage difference is reduced, ions are released, and a flow concentrated in salt is produced, after which the cycle is repeated (Biesheuvel and Bazant 2010) .
A preliminary cost evaluation of the CDI process performed by Johnson and Newman (1971) , showed that an efficient and low-cost desalination process based on this technology may be achieved, given that sufficiently stable high surface area electrodes can be produced (Villar et al. 2010) . Mesoporous carbon materials of high surface area and pores significantly larger than hydrated ions have been developed to be used as electrode materials (Hou 2008; Zou et al. 2008; Tsouris et al. 2011) . When charged with low voltage electric fields, so that electrochemical reactions are avoided, the carbon surface charge induces adsorption of counter-ions on the surface. This process is reversible, so the adsorbed salt ions can be desorbed and the electrode can be reused.
The process efficiency is dependent on the electrode area to store the removed ions. Therefore, porous materials with high surface area are chosen as electrodes. Pore size is also very important in determining process efficiency (Huang et al. 2008a, b; Feng et al. 2010) . Recently, hierarchical porous carbon (HPC) materials have been shown to exhibit great potential for high-performance electrochemical applications. (Li et al. 2013 and Zheng and Gao, 2011) Hierarchical porous carbons have a multimodal pore size distribution of micro, meso, and/or macropores, and thus show high electrochemically accessible surface area, short diffusion distance, and high mass transfer rate when used as electrode materials. These hierarchical materials can exhibit the advantages of each pore size with a synergistic effect during the electrochemical charge/discharge process. The macropores serve as ion-buffering reservoirs, giving a decreased diffusion distance; the mesopores provide ion-transport pathways with a minimized resistance; and the micropores increase the ions storage area (Fu et al. 2011; Suss et al. 2013; Ruiz-Rosas et al. 2014) . Biesheuvel and Bazant (2010) presented a model for capacitive charging and desalination by ideally polarizable porous electrodes. This model excludes effects of Faradaic reactions or specific adsorption of ions. The authors discussed the theory for the case of a dilute, binary electrolyte using the Gouy-Chapman-Stern (GCS) model of the EDL Bockris et al. (1963) . This model has been extended to include Faradaic reactions and a dual-porosity (macropores and micropores) approach (Biesheuvel et al. 2011) which considers that the electrodes are composed of solid particles that are porous themselves. Biesheuvel et al. (2011) for the first time used a novel modified Donnan (mD) approach for the micropores, valid for strongly overlapped double layers. Biesheuvel et al. (2012) also presented a porous electrode theory for ionic mixtures, including faradaic reactions. Recently, Biesheuvel et al. (2014) improved the mD model by making the ionic attraction term dependent on total ion concentration in the carbon pores. The authors reported that the new mD model significantly improves predictions of the influence of salt concentration on CDI performance. Gabitto and Tsouris (2015) used the physical model presented by Biesheuvel and Bazant (2010) to study the capacitive deionization process in homogeneous porous electrodes by means of a volume averaging method (Whitaker 1999) . The authors derived identical equations to the ones reported by Biesheuvel and Bazant (2010) plus an alternative formulation of the same problem. Gabitto and Tsouris (2015) also calculated the value of the transport coefficients in isotropic porous media by solving the appropriate closure problems. del Whitaker (2000a, b, 2001 ) used the method of volume averaging to determine the form of Maxwell's equations in two-phase systems. The volume-averaged equations for the individual phases were derived and used to identify the conditions of local electrostatic and local electrodynamic equilibrium. When these conditions are satisfied, one-equation models can be used to describe the electric and magnetic fields. The authors concluded that the constraints associated with the principle of local electrostatic equilibrium are satisfied for many processes while the constraints associated with the principle of local electrodynamic equilibrium are very severe and are not satisfied in most circumstances.
The goal of this paper is to use the volume averaging method to conduct a detailed analysis of the CDI process in the case of porous materials presenting a dual-pore size distribution. The equations describing salt concentration and electrical potential transport will be derived. We will calculate effective transport coefficients for isotropic porous media. Several practical and theoretical problems which may hinder the application of the proposed model will be discussed. Finally, the model implementation will be discussed.
Theoretical Development

Model Description
The physical model used in this work is based on the one proposed by Biesheuvel et al. (2012) . The porous electrode is divided into pore space filled with quasi-neutral electrolyte and a solid matrix. The solid matrix is itself porous, and these smaller pores are also filled with electrolyte. A schematic is shown in Fig. 1 . The solid electrode presents two length scales. The macroscale is represented by an REV of radius R M , comprising big pores, γ -phase, and porous particles, κ-phase. The porous particles are represented by an REV of radius R m comprising small pores, α-phase, and solid, β-phase.
No assumption is made on the size of the 'small' pores; however, they should be related to the 'big' pores outside by the constraint, l α l γ . Based on this constraint, we can say that ion adsorption will occur mostly in the small pores inside the solid particles. The solution inside the small pore space exchanges ions with a charged, electrical double layer (EDL) on the solid wall. The ion distribution can be also represented by highly overlapping EDLs.
We will consider that most of the ion absorption occurs in the micropores. This assumption is based on the fact that the external area of the particles will be negligible compared to the internal area. Biesheuvel et al. (2012) used implicitly this assumption when they postulated that there is only ion transport through the macropores and ion adsorption only occurs inside the micropores. Gabitto and Tsouris (2015) derived the relevant equations corresponding to this case. The exchange of ions with the electrical double layers (EDLs) on the pore surfaces is modeled as a slowly varying volumetric source/sink term in the macroscopic, volume-averaged transport equations. The porous electrode is thus treated as a homogeneous mixture of charged double layers and electrolyte solution (Biesheuvel and Bazant 2010) . This approach is strictly valid only for macropores; however, can be extended to the case of mesopores by using the model for strongly overlapped EDLs presented by Yang et al. (2001) . A possible extension to the presence of micropores is given by the modified Donnan approach presented by Biesheuvel et al. (2012) .
Species Continuity Equation
In the fluid, α-phase, after repeated use of the volume averaging tools (Whitaker 1999) , plus algebraic manipulations, Gabitto and Tsouris (2015) obtained the following volumeaveraged equation:
Here c α α is the salt concentration intrinsic phase average which takes the form:
The potential intrinsic phase average ( φ α α ) is given by
The following definitions were used, c α and φ α are the corresponding spatial phase averages, V m is the volume of the small scale REV, V α represents the volume of the α phase contained within the small scale REV, n αβ is the normal vector pointing from the phase α-phase into the β-phase, a v is the specific area (A αβ /V m ), and ε α is the volume fraction given explicitly by ε α = V α /V m .
Gabitto and Tsouris (2015) followed Quintard and Whitaker (1998) considering the area average of the excess salt concentration w, w αβ , as a function of c α α and φ α α using:
and
Here, F 1 and F 2 represent the partial derivatives of F with respect to c α α and φ α α , respectively. D eff is the effective diffusivity tensor given by:
The f 1 vector field required for calculation of the effective diffusivity tensor is calculated by solving the following boundary value problems:
Problem 1
in the A αβ and for spatially periodic porous media,
Here l i represents the three nonunique lattice vectors that are needed to describe a spatially periodic porous medium (Brenner 1980) . The value of the salt concentration in the β-phase is equal to zero; therefore, there is no need to calculate a one-equation model.
Electrical Potential
Application of the volume averaging method with appropriate algebraic manipulation leads to:
Gabitto and Tsouris (2015) again followed Quintard and Whitaker (1998) , expressing the excess charge density q, q αβ , as a function of c α α and φ α α using:
Here, G 1 and G 2 represent the partial derivatives of G with respect to c α α and φ α α , respectively. It was also required that the length-scale constraints associated with Eq. (10) be valid and that variations of G 1 and G 2 be neglected within the small scale averaging volume.
Using the Einstein relationship, the effective mobility tensor, U eff , can be calculated by:
The assumption of the solid phase being an ideal conductor was used; therefore, the electrostatic potential in the β-phase is constant and an average potential in the system comprising the α and β-phases can be calculated using,
According to the definition given by Eq. (14) we found that:
2.3 Macroscale Equations (γ − κ System)
Species Continuity Equation
In this section we will develop the spatially smoothed equations associated with the largescale REV of radius R M , shown in Fig. 1 . The length scales related to this averaging volume are identified in Fig. 1 . In order to simplify the nomenclature in Eq.
(1), we will replace ε α c α α by c κ and φ α α by φ κ using Eq. (14). We will also apply Eq. (15). Both c κ and φ κ represent the salt concentration and potential in the electrolyte located inside the porous particles.
The boundary conditions in the interphase between the porous particles, κ-phase, and the electrolyte, γ -phase, have received extensive attention in literature (Quintard and Whitaker 1998; Ulson de Souza and Whitaker 2003; Valdès-Parada et al. 2006 among others) . Following this approach results in the following equations:
In Eq. (17), we have neglected the source term ∂w M /∂t because of the constraint, l α l γ . A derivation of the problem without neglecting the term, not shown here, supported this assumption.
The κ-Region
We apply the phase average in the κ-phase to Eq. (16) plus the spatial averaging theorem (Howes and Whitaker 1985) that takes the form for a scalar variable ψ α :
After algebraic manipulations we obtain:
The derivation of Eq. (21) followed exactly the same route as shown in the Sect. 5.2.1, more details can be found in Gabitto and Tsouris (2015) . We have also followed Quintard and Whitaker (1998) assuming than terms, (1 + a v F 1 /ε α ) and a v F 2 /ε α , are constant within the macroscale REV. This assumption will be discussed below in Sect. 5.2. We have also used Gray's decomposition (Gray and Lee 1977) for the salt concentration:
Closure Problem in the κ-Region
The spatial deviation concentration equation can be obtained by subtracting Eq. (21) divided by ε κ from Eq. (16) to yield:
Using the fact that at the local level the process is pseudo-steady state, and assuming that the length-scale constraints proposed by Quintard and Whitaker (1998) and Ulson de Souza and Whitaker (2003) hold, Eq. (23) can be rewritten as:
with the boundary conditions (17) and (18) written as:
The γ -Region
We apply the phase average in the γ -phase plus algebraic manipulations to Eq. (19) to obtain:
In the derivation of Eq. (27), we have used Gray's decomposition for the salt concentration in the γ -phase:
Closure Problem in the γ -Region
The spatial deviation concentration equation can be obtained by subtracting Eq. (27) divided by ε γ from Eq. (19) to yield:
Using again the pseudo-steady state condition at local level and the length-scale constraints proposed by Quintard and Whitaker (1998) and Ulson de Souza and Whitaker (2003) Eq. (29) can be rewritten as:
One-Equation Model for Salt Concentration
Equations (21) and (27) described the transport process for salt concentration using a twoequation model. The two equations are coupled through the boundary flux terms, and both of them are coupled to the equivalent equations describing the electrostatic potential variation. By assuming that the principle of local equilibrium (Whitaker 1986a (Whitaker , b, 1991 Quintard and Whitaker 1993b; del Rìo and Whitaker 2000b) applies to the concentration and electrostatic potential fields, we obtain:
Here c * and φ * are the spatial averages for salt concentration and electrical potential, respectively, defined as:
By adding Eqs. (21) and (27), plus applying the conditions given by Eqs. (31) and (32) we obtain:
Here,
Closure Variables for One-Equation Model
Following several authors (Zanotti and Carbonell 1984; Nozad et al. 1985; Quintard and Whitaker 1998; Locke 1998 ; Ulson de Souza and Whitaker 2003 among others), we define the κ and γ -phases deviations as functions of the average global salt concentration, c * :
In accordance with the literature (Whitaker 1999) , the constants ψ and ζ are equal to zero and the g γ and g κ vector fields are calculated solving the following boundary value problems in a local domain:
The derivation of the boundary value problems given by Eqs. (39) through (42) 
The problem under study is similar to that for heat conduction in a two-phase system (Nozad et al. 1985) or diffusion in a two-phase system (Whitaker 1983; Quintard and Whitaker 1993b) . In those cases, it has been argued that integral terms similar to the second in Eq. (43) are negligible compared to the first term and Quintard and Whitaker (1993b) have proved it for symmetric unit cells. Introduction of Eqs. (37) and (38) into Eq. (35) lead to the final formulation for the salt concentration using the one-equation model:
The large-scale effective diffusivity tensor, D * , is given by:
. (45) Equation (45) shows that the large-scale effective diffusivity tensor depends not only on the geometric structure of the macropores, but also on the micropores structure through the value of the microscale effective diffusivity tensor (D eff ).
Electrical Potential
The boundary conditions in the interphase between the porous particles, κ-phase, and the γ -phase have received extensive attention in literature (Quintard and Whitaker 1998 
In Eq. (47) we have neglected the source term ∂q M /∂t because of the constraint, l α l γ . A full derivation of the problem, not shown here, supported this assumption.
The κ-Region
We apply the phase average in the κ-phase to Eq. (46) plus the spatial averaging theorem. After algebraic manipulations we obtain:
In the derivation of Eq. (50), we have followed the same route shown in the Sect. 5.2.1 and more details can be found in Gabitto and Tsouris (2015) . We have also followed Quintard and Whitaker (1998) assuming that G 1 and G 2 do not change inside the large-scale REV (V M ). This assumption will be discussed below in Sect. 5.2. Gray's decomposition (Gray and Lee 1977) for the potential has also been used:
Closure Problem in the κ-Region
The spatial deviation concentration equation can be obtained by subtracting Eq. (50) divided by ε κ from Eq. (46) to yield:
Using the fact that at the local level the process is pseudo-steady state, and assuming that the length-scale constraints proposed by Quintard and Whitaker (1998) and Ulson de Souza and Whitaker (2003) hold, Eq. (52) can be rewritten as:
with the boundary conditions (47) and (48) written as:
The γ -Region
We apply the phase average in the γ -phase plus algebraic manipulations to Eq. (49) to obtain:
In the derivation of Eq. (56), we have used Gray's decomposition (Gray and Lee 1977) for the potential:
The summation appearing in the first term of the right-hand-side of Eq. (56) represents the effect of electromigration, first two summation terms, while the term c γ ∇φ γ γ accounts for the salt dispersion in the electrolyte produced by the electric field. Order of magnitude analysis showed that the latter term in the summation is negligible compared to the first two.
Closure Problem in the γ -Region
The spatial deviation potential equation can be obtained by subtracting Eq. (56) divided by ε γ from Eq. (49) to yield:
Using once again order of magnitude analysis and the length-scales constraints proposed by Quintard and Whitaker (1998) and Ulson de Souza and Whitaker (2003) showed that Eq. (58) can be rewritten as:
One-Equation Model for Potential
Equations (50) and (56) describe the transport process for electrostatic potential using a twoequation model. The two equations are coupled through the boundary flux terms and both of them are coupled to the equivalent equations describing the salt concentration variation. By adding both equations and assuming that the principle of local equilibrium applies to the concentration and electrostatic potential fields we obtain:
Here
Closure Variables for One-Equation Model
Following several authors (Zanotti and Carbonell 1984; Nozad et al. 1985; Quintard and Whitaker 1998; Locke 1998 ; Ulson de Souza and Whitaker 2003 among others), we define the κ and γ -phases deviations as functions of the average global electrical potential, φ * :
In accordance with Whitaker (1999) , the constants ψ and ζ are equal to zero. The h γ and h κ vectors fields are calculated solving the following boundary value problems in a local domain:
The boundary value problems shown in Eqs. (64) through (67) are equal to the ones derived for the salt concentration and agree well with equivalent derivations found in literature (Quintard and Whitaker 1998; Ulson de Souza and Whitaker 2003) . Introducing Eqs. (62) and (63) into Eq. (60) leads to the final formulation for the electrical potential using the one-equation model:
The large-scale effective mobility tensor, U * , is given by:
An interesting additional result is that, from Eqs. (45) and (69), we can see that the salt macroscopic effective mobility tensor is related to the salt macroscopic effective diffusivity tensor by the Einstein equation:
Application of the One-Equation Model
In the previous sections, the authors have been able to derive equations for the spatial averaged variables ( c * and φ * ) using the assumption of local equilibrium for salt concentration and electrical potential given by Eqs. (31) and (32). In case that these assumptions do not hold a two-equation model should be developed. Two-equation models are notoriously more difficult to handle theoretically and implement numerically. The full derivation of a twoequation model is beyond the scope of this work. However, in this section we will present approximate constraints that determine the conditions when a one-equation model can be used. Details of the derivation can be found in "Appendices 1 and 2". Several derivations have been reported in literature, but we will follow the procedure presented by Whitaker (1999) , Chap. 2. The derivation procedure requires knowing the transport equations in the κ and γ -phases. The derivation of the exact form of those equations is beyond the scope of this work. However, as we will derive approximate constraints, we will develop an approximate form for those equations using information from literature (Quintard and Whitaker 1993b; Quintard et al. 1997; del Rìo and Whitaker 2000b) , see "Appendices 1 and 2". After algebraic manipulations shown in "Appendix 1", we derive the following constraint:
Here, L 2 is the transport process characteristic length,
/a vM kε * is a mixed length scale combining interfacial and mass transport, and D * x x is a representative value of the effective diffusivity. The macroscale specific area (a vM ) is of 1/l γ κ , with l γ κ a combined small geometrical length scale. It is easy to demonstrate that a vM → ∞ as l γ κ tends toward zero (Quintard and Whitaker 1995) ; thus, local equilibrium occurs when l γ κ is very small. It is important to realize that the term in brackets in the left-hand side of Eq. (71) depends upon the values of F 1 and F 2 . Therefore, the constraint given by Eq. (71) is different than the one derived by Whitaker (1999) for the case of heat transfer in non-charged porous media. Some estimates by Gabitto and Tsouris (2015) in the case of big pores showed that F 1 ∼ = F 2 ∼ = {0.1}. Therefore, the term in brackets is {1}. This matter requires further analysis for the meso-micropore case.
The ratio l 2 k /L 2 can also be written as:
Therefore, we can also say that the local equilibrium condition will hold when the characteristic time of the interfacial mass transport process (t I MT ) is much smaller than the characteristic time (t * ) for the mass transport process through the porous media. In the case of electrical potential, we can derive a similar constraint, with similar meaning, see "Appendix 2",
Caution should be exerted in the use of Eqs. (72) and (73) given the numerous assumptions used.
Closure Problem Solution
Introduction
In this section, we will estimate the value of the transport properties, specifically the macroscopic effective diffusivity (D * ). We have to solve the closure problem for the salt concentration, Eqs. (39)- (42) and, then, use Eq. (45) to calculate the value the macroscopic diffusivity tensor. The value of the mobility tensor (U * ) can be calculated using Eq. (70). In order to do so, we will solve the closure problem in isotropic spatially periodic unit cells. The use of these cells will reduce the problem to calculation of only one component of the effective diffusivity tensor (D *
x x
). In this work we will solve numerically the closure problem in Chang's unit cells (Chang 1982 (Chang , 1983 ), see Fig. 2a . A spatially periodic porous medium where the particles are either cylinders of infinite length or spheres can be represented by a square unit cell containing a circular particle in the case of infinite length cylinders or a cubic cell containing a bodycentered spherical particle, Fig. 2b . Chang (1982 Chang ( , 1983 proved that in the approximate (b) (a) r2 r 1 (c) Fig. 2 Different unit cells, a Chang (1982 Chang ( , 1983 , b Borges da Silva et al. (2007), and c Nozad et al. (1985) (circular) unit cell shown in Fig. 2a the periodic boundary condition on the cell boundary (r = r 2 ) can be replaced by a zero Dirichlet boundary condition. The use of the Dirichlet boundary condition leads, in some cases, to the existence of an analytical solution. Ochoa (1988) examined in detail numerically the issue and concluded that reasonably good agreement exists between the numerical solutions in the real unit cell and the analytical ones in Chang's unit cell depicted in Fig. 2a .
Caution needs to be exerted in the use of Eq. (71) in limiting cases as the physical situations may be different in the real and in the Chang's unit cells. An example is the case of 'single' contact cylinders. In the real situation, no x−y transport is possible, but ε α = 0, while the equivalent Chang's unit cell still permits x−y transport. In the case of 'single' contact cylinders the minimum void fraction (ε min ) is equal to 0.2146, (1 − π/4). In the case of cubic unit cells with a body-centered sphere, the minimum void fraction (ε min ) is equal to 0.4764, (1 − π/6). In the latter case x−y transport still occurs, but it is not possible to have isotropic unit cells with smaller void fraction.
Procedure Validation
We will validate our numerical procedure by comparing the results obtained by our procedure against known results from literature. We will start by calculating an analytical solution for the microscale salt concentration closure problem in the case of a bed of infinite length cylinders, Eqs. (7) to (9). A procedure similar to the one used by Ochoa-Tapia et al. (1994) leads to:
This is Rayleigh's (1892) solution for the bulk effective diffusivity. This result agrees with Quintard and Whitaker (1993a) who reported that the solution of the diffusion problem in Chang's unit cells leads to Rayleigh's solution in beds of infinite length cylinders and to Maxwell's solution in beds of spheres. Nozad et al. (1985) used the method of volume averaging to study the process of transient heat conduction in two-phase systems. This problem leads to a closure scheme that allows for calculation of the thermal conductivity tensor (K * ) similar to the one used here. The authors calculated numerically the solution to the same closure problem, but using a square cell containing a square particle with and without contact with other particles, see (c) in Fig. 2 . Nozad et al. (1985) results were calculated for conductivity ratios (K = k κ /k γ ) as high as 8000. For large values of K , a combined numerical and perturbation method was used to predict the effective thermal conductivity. Borges da Silva et al. (2007) studied the combined diffusion and reaction process in two scale porous media using the volume averaging method. The authors calculated numerically the solution to the same closure problem using a square cell containing a circular particle, see (b) in Fig. 2. 
Problem Derivation
We followed a derivation of the closure problem similar to the one presented by Ochoa-Tapia et al. (1994) , see "Appendix 3". Calculation of the macroscale conduction tensor is a function of the parameter K , or δ in the diffusion case. In the case of K > 100 values, the solution of the closure problem cannot be achieved due to increasing numerical errors (Nozad et al. 1985) . We also encountered this problem in our calculations. Nozad et al. (1985) avoided this problem by deriving an asymptotic expansion of the closure parameters in terms of the small parameter ξ = 1/K : Nozad et al. (1985) proved that only the first two terms of the expansion are needed to get an accurate solution. They also derived the closure problems that allow to calculate the required new closure parameters g 0 γ and g 1 γ .
In this case, the equation needed to calculate the effective conductivity is:
In this work, two numerical codes based on the finite difference method were developed to solve the original closure problem and the expanded closure problem needed to get solutions for high δ values. The results are shown in the next section.
Validation Results
Comparison of our computed results and other authors are shown in Figs. 3 and 4. In Fig. 3 we compared our results to the numerical ones obtained by Nozad et al. (1985) for the unit cell (c) in Fig. 2 and with numerical data calculated by Borges da Silva et al. (2007) for the unit cell (b) in Fig. 2 . We plotted the value of the dimensionless macroscale effective diffusivity tensor versus the δ parameter for different void fraction values. In Fig. 3 we have included results from the original closure in the range, 0.1 ≤ δ ≤ 10, for higher δ values and we used results calculated using the asymptotic expansion method described above. We can see in Fig. 3 that the results calculated using different unit cells agree quite well. These results prove that the geometrical differences are not very important. The results calculated in this work using Chang's unit cells are in general higher than the equivalent ones calculated by Nozad et al. (1985) , but are smaller than those reported by Borges da Silva et al. (2007) . The agreement among all the results increases as the porous medium void fraction increases.
We have also compared our results with the equation for heat conduction reported by Maxwell (1881): The theoretical equation due to Maxwell (1881) is based on a three-dimensional model that appears to be restricted to values of ε γ near one; however, Hashim and Shtrikman (1962) demonstrated that Maxwell's model for diffusion provides an upper bound for D eff and the results shown by Quintard and Whitaker (1993a) supported this conclusion. It was also found that the results for Maxwell's model for heat conduction, Eq. (77), are always higher than the numerical results calculated in Fig. 3 . This finding is in agreement with the conclusions of Quintard and Whitaker (1993a) who stated that the Maxwell model agrees well with threedimensional data for spheres, but are higher than the ones for beds of cylinders. Based upon these observations, we can conclude that the results calculated using Chang's unit cells are adequate to estimate values of the effective diffusivity for δ values higher than 1. However, in our calculations of D * , we are interested on values of δ < 1. In Fig. 4 we compared the results obtained in this work with Maxwell's model and some reported values from Borges da Silva et al. (2007) for δ = 0.5.
A remarkable agreement among the three models is shown in Fig. 4 . In conclusion, we can say that the values of effective diffusivity calculated using Chang's unit cells compare very well with those calculated using other methods. This conclusion applies in the range for the solution to the original closure problem and for values of δ > 10 using the asymptotic expansion model.
Treatment of Source Terms
Introduction
It is critical in the application of the theory developed in this work to derive a procedure to calculate the source terms ∂w(F i )/∂t and ∂q(G i )/∂t, plus the source term parameters; F 1 , F 2 , G 1 , and G 2 . This issue involves severe theoretical and practical problems. First, in the theoretical derivations, the source term parameters have been considered constant within both, the micro-and macro-REVs. In case that this condition is not plausible severe mathematical complications will appear. In the process of spatial smoothing at several scales, we need to scale-up the equilibrium relation relating w and q with salt concentration and potential.
Second, an adequate model that describes the dependence of the salt excess concentration in the EDL (w) and excess charge density (q) is needed. Therefore, it is necessary to find appropriate solutions to these two important problems. The next sections will address these issues.
Scale-Up of the Equilibrium Ratios
Microscale
In this case, we need to scale-up the equilibrium relation relating w and q with c α α and φ α α . In this section, we present the length-scale constraints associated with this process. We will follow the procedure reported by Quintard and Whitaker (1998) to write:
Here, we have used Gray's decomposition to obtain Eq. (80) from Eq. (79). Based upon Eq. (80), we propose the following constraints to ensure the validity of Eq. (46):
An order of magnitude analysis based upon the closure procedure for the microscale leads to:
Here, l α is a characteristic length associated withc α andφ α in the microscale, while L m c is a characteristic length associated with c α α and φ α α . When the constraints given by Eqs. (82) are satisfied, we can say that the relationships defined by Eqs. (4) and (5) are valid. Similar constraints can be derived for q and the parameters G 1 and G 2 .
Macroscale
At this level, the scale-up of w implies that:
can be replaced with:
In this case, the length-scale constraints are similar to the previous case:
Here, l γ is a characteristic length associated withc γ andφ γ in the macroscale while L M c is a characteristic length associated with c γ γ and φ γ γ . When the constraints given by Eqs. (85) are satisfied, we can replace the relationships defined by Eqs. (4) and (5) by the average macroscale variables. Similar constraints can be derived for q and the parameters G 1 and G 2 .
We will briefly discuss the treatment when the constraints given by Eq. (85) are not valid. In that case, Eq. (87) can be replaced by:
The source terms are calculated during the volume averaging process by:
Inspection of Eq. (87) shows that mixed space-time derivatives appear in the problem formulation and that information from the closure problem will be required to accurately determine the form of the accumulation terms in the volume-averaged transport equations. Obviously, if the mixed time-space terms are negligible compared to the first term in the right-hand-side of Eq. (87), we will recover the original formulation. Quintard and Whitaker (1998) developed the constraints that allow these terms to be neglected:
Here, r M is the radius of the macroscale REV, L ∂w is the characteristic length where ∂w/∂t significantly changes value, and L ∂w1 is the characteristic length where the space derivative of ∂w/∂t significantly changes value. The physical meaning of these constraints is that significant variations of ∂w/∂t will take place over distances that are large compared to either r M or lγ . Quintard and Whitaker (1998) concluded that it seems quite plausible that the constraints given by Eqs. (88) and (89) will be satisfied for most real systems. However, as the observer moves up the length scale is increasingly more difficult to satisfy constraints similar to Eqs. (88) and (89). Similar conclusions apply to ∂q/∂t and the related parameters.
Theoretical Model for Meso-Micropores
Introduction
In the case of porous media where the pore size is bigger than 50 nm (macropores), the GCS model (Bockris et al. 2000) , and variations, has been found appropriate to relate the salt excess concentration in the EDL (w) and excess charge density (q) to salt concentration and potential Bazant 2006, 2007; Biesheuvel and Bazant 2010; Gabitto and Tsouris 2015 among others) . Biesheuvel and Bazant (2010) and Gabitto and Tsouris (2015) applied a GC model to derive equations to simulate the CDI process in porous media with big pores. However, in the present case, the length-scale constraint, l α l γ , limits the use of this model for the microscale. In order to address this problem, we will modify the model for strongly overlapped EDLs developed by Sharma et al. (2015) . This model is a modification of an original model presented by Yang et al. (2001) . The authors solved the Poisson-Boltzmann equation in slit-shaped pores with strongly overlapped EDLS.
We need to use caution in this case as the original microscale formulation has been derived for thin EDLs . This assumption allowed the use of salt concentrations, c α , in the microscale equations instead of ion concentrations (c i,α ). Biesheuvel and Bazant (2010) relaxed this constraint stating: "It is important to stress that the approximation remains accurate for double layers of finite thickness, even approaching the pore thickness, since all double-layer variables (ionic concentrations and potentials) are defined as excess quantities, relative to the corresponding bulk variables extrapolated to the surface." However, we doubt that you can have EDLs covering the whole pore volume without having distortions or other effects that render the theory unreliable. In this regard, Schmuck and Bazant (2014) stated that global electroneutrality, within the framework of this theory, generally holds in the limit of thin double layers in charged porous media (Mani and Bazant 2011) because the counter-ions screening the surface charge in a thin double layer provide an extra surface conductivity, proportional to the total diffuse layer charge, which is acted on by the same tangential electric field as in the nearby bulk solution. If the EDLs were not thin, the electric field would be strongly perturbed by the diffuse charge throughout the pore, and the extra counter-ions could not be viewed as simply providing extra conductivity for bulk ion transport.
Model Description
We follow the model for highly overlapping EDLs presented by Yang et al. (2001) . The authors proposed that a representative pore can be viewed as a slit formed by two planar plates with a separation distance 2 L between them. The potential profile inside the pore was calculated using a superposition solution based on the numerical solution of the PoissonBoltzmann equation for a flat plate electrode. The results predicted by the superposition solution were successfully compared to experimental data and Monte Carlo simulation results (Yang et al. 2001; Hou 2008) . Sharma et al. (2015) proposed an analytical version of the superposition solution that agrees well with the aforementioned experimental data and Monte Carlo simulation results. In this work we adapt Sharma et al. (2015) model to pores where there is a region of the pore with zero charge, or equal concentration of monovalent ions. The potential in the electrolyte is given as a function of position by the following analytical solution (Newman and Thomas-Alyea 2004) :
Here, x is the dimensionless distance, x = X/λ D , X = dimensional distance, φ * is the dimensionless potential, K is a dimensionless constant related to the dimensionless electrode potential (φ * E ) and the dimensionless charge density (q * E ) in the diffuse layer: and Thomas-Alyea 2004) . A similar solution can be written for the opposed flat surface. In this case, the solution is a function of a dimensionless distance y that is related to x by:
Applying the principle of superposition the global solution is given by:
where φ * α is the overlapped dimensionless potential and A 1 and A 2 are constants that need to be determined in order to fit the boundary conditions at both flat surfaces, x= 0 and x = 2L/λ D . After some algebraic manipulations, it can be shown that:
Solving for A 1 and A 2 and introducing the values into Eq. (92) allows us to determine the electrolyte potential profile inside the slit pore. The average potential in the slit is given by:
Here, φ α is the dimensional potential. Once we have a potential profile in the slit-shaped pore from wall to wall, we can calculate c t,α α , q αβ , and w αβ using:
Here, c i,α is the concentration of the i ion in the pore, c ∞ is the concentration at the region of zero charge. The ion concentrations are calculated using the Boltzmann equation for the overlapped dimensionless potential (φ * α ). Derivatives of q αβ and w αβ can be calculated numerically.
Results and Discussion
Transport Parameters
Based upon the results shown in Sect. 4.2.2, we can say that either the equation presented by Maxwell (1881) or the numerical results calculated by Nozad et al. (1985) for square unit cells or the numerical results for Chang's unit cells computed in this work will be adequate to calculate macroscale effective diffusivity values. We recommend using Maxwell's equation for heat transfer due to convenience. This equation provides values of the macroscale effective diffusivity based upon the values of the void fraction (ε γ ) and the δ-parameter, the ratio of the effective diffusivity in the microscale and the bulk solution diffusivity. Figure 5 shows calculated results.
The results shown in Fig. 5 prove that the macroscale effective diffusivity increases as both the void fraction and the δ-parameter increase. The values of δ = 1 and ε γ = 1 represent equivalent physical situations, i.e., both the bulk diffusivity and the microscale effective diffusivity are equal. Therefore, the value of the dimensionless macroscale effective diffusivity is equal to 1.
In conclusion, we can say that, for the case of isotropic porous media, good values of the macroscale effective diffusivity can be estimated using the three procedures presented in this work. In the modification proposed in this work, we calculate the potential profile using the analytical procedure described above. The comparison between the results obtained using both procedures is depicted in Fig. 6 . The calculations were performed using typical experimental values for the CDI process, electrode thickness (L e ) = 0.001 m, D = 1.510 −9 m 2 /s, pore diameter = 10 nm, void fraction = 0.5, salt concentration = 0.05 M, half-electrode potential = 0.25 V corresponding to φ * = 10, and the potential at the point of zero charge equal to 6. In Fig. 7 we can see very good agreement between the procedure proposed in this work and the original numerical solution of the Poisson-Boltzmann equation reported by Yang et al. (2001) . 
Model Implementation
It is beyond the scope of this work a detailed analysis of the application of the transport model proposed here. However, in order to evaluate the feasibility of its application, we modified an already developed computer code for homogeneous porous media (Sharma et al. 2013) to calculate some typical results shown in Fig. 7 . In the Figure, we plot values of average salt concentration in the electrode versus dimensionless process time. The values of average concentration have been calculated by averaging throughout the electrode the calculated local average values. The same set of parameter values used in Fig. 6 was utilized in these calculations, and the source terms in the microscale were calculated using the procedure described in the "Theoretical model for meso-micropores" section. Figure 7 shows initial decrease in the average value of the concentration inside the pores. This effect is produced by the fast charging of the EDLs at short times that depletes the solution (supercapacitor regime). The source terms continuously decrease in absolute values as time increases until a minimum concentration point is reached where the diffusive flow from outside the electrode predominates over the charging process and, from that point on, the concentration increases by diffusive transport (desalination regime). This qualitative behavior agrees well with experimental results and theoretical predictions. However, caution has to be used because the GC model is known to predict unrealistically high values of concentration in the EDL close to the solid surface. This is a problem related to the GC model and not to the model presented in this work. However, it creates serious implementation problems as we increase the applied voltage in the electrodes. The GCS model was originally presented to solve this problem (Stern 1924) . However, it cannot be directly implemented here because it introduces a third parameter, the potential at the Stern plane (φ D ), that varies with time too; therefore, it requires modification of the theory presented here. This modification is straightforward and we have applied it during the study of the CDI process in homogeneous porous media . Another route is to modify the model equations reinstating the source terms ∂w/∂t and ∂q/∂t directly into the equations. The reason to introduce the modified treatment of these source terms was to tap into the available theory of the volume averaging method; therefore, there are no theoretical problems to do so. The modified equations are:
Here, w αβ κ and q αβ κ represent the average of the microscale source terms in the macroscale REV (V M ). The use of these source terms has been discussed in a previous section and is restricted to the constraints given by Eqs. (82), (88), and (89).
The main problem that still remains is the use of the length-scale constraint; l α l γ . The constraint requires at least two orders of magnitude difference between both pore diameters. In the case of application to a mesoporous carbon material in the microscale, l α ∼ 10 nm, we will need to have macroscale pores with l γ ≥ 1000 nm.
A very interesting possibility is to use micropore materials; l α ≤ 2 nm, for the particles and a modified Donnan model, conceptually similar to the one proposed by Biesheuvel et al. (2011) , to theoretically deal with the microscale. In this case there is equilibrium inside the micropores; i.e., no transport. This assumption implies constant φ α α and different concentrations for the different ions ( c i,α α ). Another important implication is that there is a net charge inside the pore everywhere, i.e., there is no local electroneutrality. However, global electroneutrality still holds and requires the charge on the solid be equal to the charge in the solution inside the micropores. Using the approximation proposed by Biesheuvel et al. (2012) , we can write the Donnan equilibrium equation as:
The Donnan potential term ( φ Don ) is given, for the one-equation model, by:
In Eq. (101) we have used Eq. (14) to replace φ α α with φ β . The charge density is calculated using: (98) and (99) which require the calculation of the original source terms. If a one-equation model cannot be used, the approximate twoequation model equations shown in "Appendices 1 and 2" can be used. In this case, a derivation similar to the one reported by Biesheuvel et al. (2012) can also be appropriate. Of course, the modifications to the model introduced by Biesheuvel et al. (2014) can be also used to improve the accuracy.
Conclusions
The volume averaging method has been used to derive the average equations describing salt capture in dual-porosity porous electrodes by electrosorption. We have derived the complete form of the volume-averaged equations starting from the point equations and the appropriate boundary conditions. The concentration and electrostatic potential deviation fields were found to be functions of the corresponding averaged variables and the excess charge and salt values inside the double layers, ∂w/∂t and ∂q/∂t. The source terms have been related to the average potential and salt concentration by using a procedure similar to the one presented by Quintard and Whitaker (1993b) . A set of average equations at the macroscale was derived using the principle of local equilibrium. The constraints that need to be satisfied for the principle to hold have also been derived. The effective macroscopic diffusivity in an isotropic porous electrode was calculated by solving numerically the closure problem in approximate Chang's unit cells (Chang 1982) . The agreement between our results, Nozad et al. (1985) , Maxwell (1881) , and Borges da Silva et al. (2007) was used to validate the accuracy of our numerical procedure. The Maxwell's equation for infinite cylindrical beds provides a simple way to estimate the value of the global effective diffusivity.
The choice of an acceptable model to estimate the microscale source terms poses severe problems. In the case of materials with meso-micropores, a model for strongly overlapped EDLs based on previous work has been presented. A limiting model based upon the Donnan equilibrium equation can also provide an appropriate solution (Biesheuvel et al. 2012 (Biesheuvel et al. , 2014 . Finally, alternative procedures to estimate the microscale source terms for one-and twoequation models are discussed.
Summation of Eqs. (104) and (105) plus introduction of (106) and (107) into the resulting equations leads after algebraic manipulations to, The introduction of a mixed length scale with similar meaning to the one defined in "Appendix 1" leads to the following constraint for the potential:
